We propose a feasible and effective approach to study quantum thermal transport through anharmonic systems. The main idea is to obtain an effective harmonic Hamiltonian for the anharmonic system by applying the self-consistent phonon theory. Using the effective harmonic Hamiltonian we study thermal transport within the framework of nonequilibrium Green's function method using the celebrated Caroli formula. We corroborate our quantum self-consistent approach using the quantum master equation that can deal with anharmonicity exactly, but is limited to the weak system-bath coupling regime. Finally, in order demonstrate its strength we apply the quantum self-consistent approach to study thermal rectification in a weakly coupled two segment anharmonic system.
I. INTRODUCTION
Developing a first-principle based approach for quantum thermal transport across low-dimensional systems not only provides insight to potential nanodevice applications, but is also crucial to better understand nonequilibrium statistical physics. Till date, quantum thermal transport across harmonic crystals has been extensively studied using the generalized Langevin approach 1,2 , nonequilibrium Green's function method 3, 4 , or the density matrix approach 5 . The main advantage of these methods lies in their exactness of treating harmonic systems, giving rise to ballistic transport.
On the other hand, recent progress in classical thermal transport has demonstrated interesting practical applications, such as thermal diode, thermal transistor, and thermal logic gates 6 . These studies suggest that the ability to manipulate thermal transport may lead to important technological breakthrough ranging from novel devices to improvement of thermal management in microelectronics, and even information processing by phonons. Unfortunately, the exactly solvable harmonic crystals do not exhibit these novel properties and it turns out that anharmonicity is one of the key ingredients for their occurrence.
Naturally, anharmonic systems are of great interest in order to deduce the basic microscopic origin of these novel properties. Hence in the classical regime the effective phonon theory 7 and the self-consistent phonon theory 8 were developed to study thermal transport for highly anharmonic systems. The former was based on the equipartition theorem, whereas the latter took advantage of the Feynman-Jensen inequality. In the quantum regime, the role of anharmonicity is even more enticing but relatively unexplored. A plethora of techniques for weakly anharmonic systems have been developed in this regime 3, 9 , but a robust theory for strong anharmonicity still eludes the community. One of the popular techniques to treat the strongly anharmonic quantum regime is based on the quantum master equation that treats the system-bath interaction perturbatively [10] [11] [12] . Despite its ability to treat anharmonicity exactly, one major disadvantage is its inability to treat large phononic systems. This is mainly because this method operates in the eigenbasis of the system that increases rapidly with temperature or number of particles. Hence, an approach that can deal with relatively large systems is critical to understand the role of strong anharmonicity in thermal transport.
In this paper we will propose a feasible and effective approach to study thermal transport through anharmonic systems. The key idea here is to renormalize the anharmonic Hamiltonian to an effective harmonic Hamiltonian using the quantum self-consistent phonon theory 13 . We then apply the standard nonequilibrium Green's function machinery to study the effective harmonic model. The paper is organized as follows: In Sec. II, we introduce the anharmonic model and propose a modified Caroli formula for thermal transport based on the quantum self-consistent phonon theory. We then corroborate our quantum self-consistent approach with the help of quantum master equation for mono-and di-atomic molecular junctions in Sec. III. Finally, we demonstrate an intriguing application of our method by investigating thermal rectification in Sec. IV. Finally, we summarize our main conclusions in Sec. V.
II. QUANTUM SELF-CONSISTENT PHONON THEORY AND MODIFIED CAROLI FORMULA
We consider the minimal model for thermal transport (as illustrated in Fig. 1 ) that consists of a general one- . The left and right harmonic baths are at temperatures TL and TR respectively. The central system consists of harmonic plus anharmonic interactions depicted by the periodic potential dimensional system linearly coupled to two semi-infinite chain of harmonic oscillators, herein referred to as heat baths. The corresponding Hamiltonian H of the total system reads 14 ,
where H S describes the system of interest, {Q x , P x , M x , ω x } are the positions, conjugate momenta, masses, and frequency modes of the left (x = l) and right (x = r) bath. The parameter c x is the system-bath coupling constant of the x-th mode corresponding to the left (x = l) and right (x = r) bath. The system operator S α couples the system to the α-th bath and in general it can be any system operator or its function. The above Hamiltonian is commonly referred to as the Zwanzig-Caldeira-Legett model 15, 16 that can be split into various regions as,
The bath Hamiltonian
The system-bath interaction Hamiltonian
where B α = − x c x Q x is the collective bath operator that couples with the system and
is known as the re-normalization (counter) term. In this work since we will couple the system to the bath via the position-position coupling the re-normalization term is essential to maintain translational invariance of the total system. In the above equations α = L; x = l corresponds to the left bath and α = R; x = r corresponds to the right bath. In order to simplify the description, we have considered a one dimensional model, but our theory described below can be easily generalized to higher dimensions. The main difficulty to calculate heat current using the above Hamiltonian lies in the anharmonic interactions present in the system. To tackle such anharmonic interactions we apply the quantum self consistent phonon theory (QSCPT) to obtain an effective harmonic system 13, 17 and then obtain the heat current using the machinery of nonequilibrium Green's function (NEGF) 3 through the effective model.
Without loss of generality, we consider the system as a one-dimensional oscillator chain of the form
where W (δx) and V (x) are the nearest-neighbor interaction and onsite potential respectively. The partition function in the canonical ensemble can be expressed as a path integral over all possible trajectories, i.e.,
where the measure of functional integral Dx ≡ Πdx and
In the action S[x] above, x andẋ are implicit functions of the time variable τ . The key idea of quantum selfconsistent phonon theory (QSCPT) is to replace the original Euclidean action, Eq. (8), by an approximate one.
In order to do this we make a reasonable choice of the trial Hamiltonian
where the parameters f c and f are to be deduced by minimizing the right hand side of the Feynman-Jensen inequality 18 :
where
The canonical average in Eq. (10) is computed based on the trial Hamiltonian Eq. (9) that can be easily calculated since the integrand takes a quadratic form. Finally, the parameters f c and f can be obtained by solving the following self-consistent equations:
and the variables ω p , ρ, and δρ implicitly depend on f c and f . Note that the canonical average is performed at the average temperature T , which requires that the heat baths have minimal influence on the system. This assumption could be accomplished in a variety of scenarios, e.g., when the system-bath coupling is weak and the temperature difference is small or when the system is comprised of various segments each strongly interacting with its own bath and weakly interacting with each other. It is worth noting here that although the effective phonon theory 7 is similar to the quantum self-consistent phonon theory (QSCPT) described above, it does not capture the essential quantum physics since it relies on the validity of the equipartition theorem. This serves as our main motivation to use the QSCPT and study quantum thermal transport.
Therefore, given the effective Hamiltonian the model described by Eq. (1) is approximated as,
Using the standard techniques to treat harmonic systems 2,3 we obtain the steady state heat current given by the Landauer-like formula as,
The above formula is valid for any temperature difference between the left and right baths. The transmission function T (ω) is given by a modified Caroli formula,
Here I is the identity matrix and Σ r α (ω dependence suppressed) is known as the retarded self-energy of the α-th bath that completely depends on the properties of the bath. The effective force matrix K above is tridiagonal and
It is important to note that the transmission function T (ω) here is temperature dependent for anharmonic systems, since the trial parameters f c and f are temperature dependent. Hence, owing to this inherent temperature dependence due to the self-consistent equations (12, 13, and 14) we herein term Eq. (17) as the modified Caroli formula. Such a temperature dependent transmission function has been observed previously in the context of mean-field approximations 11, 19, 20 . It is worth emphasizing that QSCPT 13 has previously been used to evaluate the thermal conductivity via the kinetic theory as κ = Cvl with C being the heat capacity, v the phonon velocity, and l being the mean free path 21 . It is in this work that we for the first time integrate the QSCPT with NEGF giving the "quantum self-consistent approach" a firm theoretical basis to be applied in the nonequilibrium quantum regime.
III. CORROBORATING THE QUANTUM SELF-CONSISTENT APPROACH
The theory outlined above is a general approach applicable to any anharmonic system that can be approximated as a harmonic one. In this section, we will take specific examples of the system Hamiltonian H S , i.e., a monoatomic molecule confined in a quartic potential and a diatomic molecule with a quartic interaction and/or onsite potential. The concerned system is linearly connected to two heat baths via the position operator, i.e., S L = S R = x for monatomic molecule and S L = x 1 , S R = x 2 for the diatomic case. In order to specify all properties of the baths we define a spectral density
that incorporates the effect of system-bath coupling since it is proportional to c 2 x . Above α = L; x = l corresponds to the left bath and α = R; x = r to the right. Given the above definition we can now recast the re-normalization part of the Hamiltonian Eq. (5) as,
where γ α (0) is commonly referred to as the damping kernel at time 0 of the α-th bath. The self-energy Σ r α used in Eq. (18) can now be expressed in terms of the spectral density 22 as,
where P denotes the principal value integral and importantly we have added the term coming from the renormalization part of the Hamiltonian, i.e., γ α (0), to the self-energy. It is important to note here that if the system-bath coupling has a nonlinear form then the renormalization term should be incorporated in the effective Hamiltonian Eq. (9) . Throughout this work we will choose both the left and right baths to have the same properties, i.e., J L (ω) = J R (ω) = J(ω) and use a specific form of this spectral density, namely,
where the parameter γ is the Stokesian damping coefficient and characterizes the system-bath coupling strength. The above spectral density corresponds to the Lorentz-Drude model of the heat bath, i. 
which immediately leads to Γ α = −2Im(Σ r α ) = 2J(ω) via Eq. (19) .
A. Monoatomic molecule
The Hamiltonian for the monoatomic molecule is given by
where k and λ are the spring constant and anharmonic strength for the quartic potential. According to QSCPT, we can obtain the effective Hamiltonian for this model as,
where the effective force constant f is obtained by solving the self-consistent nonlinear equation;
where Ω = f /m. Using the Landauer-like formula Eq. (16) one can obtain the heat current for the monoatomic molecule as
where G r , G a , Γ L and Γ R are all numbers for a single degree of freedom with Figure 2 shows the heat current I L calculated via quantum self-consistent approach Eqs. (29) and (30) (lines) and the quantum master equation (empty symbols) 11 . Since the quantum master equation is exact for any strength of anharmonicity we treat it as our benchmark to validate our approach. In Fig. 2 we see an excellent agreement between the two fundamentally different approaches for considerably high values of anharmonicity and for the entire temperature range. Inset of Fig. 2 shows the strong dependence of temperature on the transmission function, indicating the significant role anharmonicity plays in this system. 
B. Diatomic molecule
The Hamiltonian for the diatomic molecule is given by
where λ and λ c are the strength of the anharmonic interaction potential and onsite potential respectively. The effective Hamiltonian according to QSCPT reads
where f and f c are obtained by solving the following selfconsistent nonlinear equations: where Ω 1 = f /m and Ω 2 = (2f c + f )/m. Then the heat current across the diatomic molecule is given by
where Figure 3 shows a comparison between our quantum selfconsistent approach Eqs. (33), (34), and (35) (lines) and the quantum master equation (empty symbols) for various combinations of the anharmonic parameters λ and λ c . The favorable agreement further validates our approach and the inset of Fig. 3 shows the temperature dependence of the transmission function indicating the strong role of anharmonicity.
IV. THERMAL RECTIFICATION IN A TWO-SEGMENT MODEL
In order to show the strength of the quantum selfconsistent approach we consider the stationary heat current across a chain consisting of two weakly coupled lattices,
The Hamiltonian for the left and right segments are given by
and
Above V 1(2) represents the interaction potential and U 1 (2) represents the onsite potential. The classical version of this model has been extensively studied to investigate the thermal rectification effect 6 . The occurrence of thermal rectification requires: i) Asymmetry and ii) Anharmonicity in the system. The model above exhibits spatial asymmetry due to the two segments having different parameters and anharmonicity due to the nonlinear interaction potentials. Hence, we choose the potentials of the two segments a = 1, 2 to take the form
In order to apply the quantum self-consistent approach it is crucial that the system remains at approximately at one temperature T . Since the goal is to study thermal rectification, a far from linear response phenomenon, we choose the segment-segment coupling k int to be weak. This weak coupling between the two segments causes each segment to attain a temperature close to the bath it is connected to, i.e., the left segment H 1 attains the temperature T L and H 2 attains T R . In accordance with our corroboration in Sec. III we choose each segment to be weakly coupled to its respective bath. This allows us to safely apply our quantum self-consistent approach to each segment separately. According to QSCPT, the Hamiltonian H 1(2) can thus be approximated by the effective Hamiltonian H ef f 1(2) that takes the form 
The temperature of left and right heat bath is given by T L(R) = T (1 ± ∆). Using the effective Hamiltonian Eqs. (42) and (43) in Eq. (37) we can obtain the heat current through the system using the Landauer-like formula Eq. (16) . Figure 4 shows the heat current as a function of the dimensionless temperature difference ∆. The sign of ∆ indicates the direction of the current, i.e., ∆ > 0 corresponds to a current from the left lead to the right lead and vice versa. We find that the heat current is substantially larger for ∆ > 0 than that for ∆ < 0 leading to a large thermal rectification ra-
is the current evaluated at a fixed value of temperature difference ∆. The maximum rectification we achieve is ≈ 98% and to the best of our knowledge this value far exceeds the values obtained in the quantum regime 23, 24 .
V. CONCLUSION
We develop a quantum self-consistent approach to study thermal transport across model-independent anharmonic systems. The key idea is to renormalize the anharmonic system to an effective harmonic one through a nonperturbative self-consistent approach. The effective Hamiltonian helps us utilize the nonequilibrium Green's function machinery, that is exact for Harmonic systems, in order to evaluate the heat current. In case of strong anharmonic systems we corroborate our approach with the master equation based formulation and find excellent agreement for the entire temperature range for monoand di-atomic systems. Moreover, we also tackle an interesting two segment anharmonic model consisting of 8 particles that is well beyond the reach of master equation based formulations. The two segment model exhibits a significantly large rectification ratio in the quantum regime, which is due to the strong temperature dependent phonon bands that overlap unequally leading to the large rectification ratio 8 . Overall, the quantum self-consistent approach is highly efficient and can be extended to higher dimensions incorporating effects of mass disorder 25 . Also complicated anharmonic potentials like the onsite Morse potential 8, 26 could be handled within this approach making it highly versatile. However, one should bear in mind that the approach in its present form has two limitations. Firstly, since we apply the canonical average to the system at approximately an average temperature, the approach cannot be applied to study homogeneous systems under a large temperature gradient. Although inhomogeneous systems such as the two segment model illustrated in Sec. IV can be easily studied. Secondly, even though anharmonicity can be exactly captured within this approach it fails to capture the diffusive behavior of systems. In other words the phonon mean-free path within this formulation is infinite. Thus, the approach captures essential physics of only those systems that are shorter than its actual phonon mean-free path making it relevant to the field of nano-device engineering.
